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Abstract 

A reversed trapezoidal fin with variable fin base thickness is optimized based on the fixed fin volume by using a 
two-dimensional analytic method. The variation of temperature along the normalized Y position at the fin tip is pre-
sented. For fixed fin volumes, the maximum heat loss, the corresponding optimum fin effectiveness, fin base height 
and fin tip length as a function of the fin base thickness, fin shape factor and the fin volume are presented. One of the 
results shows that both the optimum heat loss and the optimum fin length increase with the increase of the value of fin 
shape factor.  
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1. Introduction 

Extended surfaces or fins are widely used to in-
crease heat dissipation between a solid surface and its 
adjoining fluid in many engineering and industrial 
applications such as the cooling of combustion en-
gines, electronic equipment, many kinds of heat ex-
changers, and so on. As a result, a great deal of atten-
tion has been directed to fin problems and many stud-
ies on various shapes of fins have been presented. The 
most commonly studied fins are longitudinal rectan-
gular, triangular, trapezoidal fins and the annular or 
circular fins. For example, the rate of heat loss from a 
rectangular fin governed by the power law-type tem-
perature dependence was studied [1] while heat con-
duction in an array of triangular fins with an attached 
wall was analyzed by the finite element method [2]. 
An analysis of the heat transfer characteristics of a 
circular fin dissipating heat from its surface by con-
vection and radiation was made [3].  

The optimum procedure for fin shapes is of great 
interest for many engineering topics. For common fin 

shapes, the optimum dimensions of rectangular fins 
and cylindrical pin fins were investigated [4]. The 
optimization of rectangular profile circular fins with 
variable thermal conductivity and convective heat 
transfer coefficients was discussed [5]. The optimiza-
tion of a convective and radiating annular fin under 
thermally asymmetric condition was reported [6]. 

Also, optimization of the unique shape of the fin 
has been presented. For this kind of paper, Bejan and 
Almogbel [7] reported the geometric (constructal) 
optimization of T-shaped fin assemblies, where the 
objective is to maximize the global conductance of 
the assembly, subject to total volume and fin-material 
constraints. Recently, elliptical disk fins were ana-
lyzed and optimized using a semi-analytical technique 
[8]. In these optimum procedures for the unique fin 
shape, fin base temperature is given as a constant for 
the fin base boundary condition. 

In this study, the optimization of a reversed trape-
zoidal fin with various fin lateral surface slopes is 
presented for fixed fin volumes using a two-
dimensional analytic method. This two-dimensional 
analytic method has been compared with many nu-
merical methods and experimental results and has 
been shown to have very good agreement with those 
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results. For example, the temperature profile along the 
triangular fin center line calculated by the finite ele-
ment method [2] was exactly the same as that ob-
tained by the analytic method [9]. A comparison be-
tween the analytic method and finite difference 
method was made for a trapezoidal fin [10]. Also, for 
a trapezoidal fin, the experimental results for the 
temperature and heat loss were compared and shown 
to be good in agreement with those obtained from the 
analytic method [11], and both results were shown to 
be in good agreement. In this study, both the fin base 
thickness and base height can be variable. Therefore, 
the thermal resistance from the inside wall to the fin 
base and the fin base temperature can be changed due 
to the variations of the fin base thickness and base 
height. 

2. 2-D Analytical methods 

A schematic diagram of a reversed trapezoidal fin 
is shown in Fig. 1. In this diagram, the fin lateral sur-
face slope s is denoted by lh(1- )/(le-lb) and the shape 
of the fin becomes rectangular for =1 and that be-
comes the reversed trapezoidal fin for which the tip 
height is twice the base height in the case of =0. 
For this schematic diagram, the dimensionless two-
dimensional governing differential equation under 
steady state is 

2 2

2 2    0
 X  Y

+ = .              (1) 

One energy balance condition and three boundary 
conditions are required to solve the governing differ-
ential equation and these conditions are given as Eqs. 
(2)-(5). 

Fig. 1. Geometry of a reversed trapezoidal fin. 
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For a rectangular fin case (i.e., =1 or s=0), Eq. 
(5) for the energy balance condition is replaced by Eq. 
(6) for the fin top boundary condition. 

h
h

Y L
Y L

M 0
Y =

=
+ =                  (6) 

When Eq. (1) with three boundary conditions (2), 
(3) and (4) is solved by using the separation of vari-
ables procedure, the temperature distribution (X, Y) 
within the reversed trapezoidal fin can be obtained. 
The result is 
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The eigenvalues n  can be obtained from Eq. 
(13) which is an arranged form of Eq. (5).  
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The eigenvalues n  can be calculated by using 
Eq. (29) which is derived from Eq. (6) for a rectangu-
lar fin case.  

n ntan( ) M=                           (29) 

The heat loss conducted into the fin through the fin 
base is calculated by 

h
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Then, the dimensionless heat loss from the reversed 
trapezoidal fin is obtained by using Eq. (31). 
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If there is no temperature gradient in the y and z di-
rections between the inside wall and outside bare wall 
for the range of h hl y l< <  in the no fin case, the 
dimensionless heat loss from the outside bare wall is 
given as Eq. (32). 
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Fin effectiveness is then expressed as 

w

Q
Q
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The reversed trapezoidal fin volume, as shown in 
Fig. 1, can be calculated by Eq. (34) and the arranged 
dimensionless fin volume is given by Eq. (35). 
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The fin surface area with assuming lw>>2lh is pre-
sented by Eq. (36) and the dimensionless form is writ-
ten by Eq. (37). 
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3. Results and discussions 

For three different fin base height values, the tem-
perature profile along the normalized Y position at 
the fin tip [i.e., NY=Y/{(2- )Lh }] is represented in 
Fig. 2. The normalized Y position at the fin tip NY is 
given as Y/(1.5Lh) for =0.5 so that NY=0 repre-
sents the center position and NY=1 represents the top 
position. It can be noted that the variation of tempera-
ture along the NY becomes more remarkable as the 
fin base height increases from 0.5 to 1.0, and this 
phenomenon is more obvious in the case of Le=1 and 
M=0.3. The condition for =0.75, Lb=0.1, Lh=0.1, 
Le=1 and M=0.1, which is not shown in Fig. 2 in this 
study, is almost the same as the condition for =0.75, 
Lb=1.1, Lh=0.1, Le=2, M=0.1 and Mf=1000 that is 
given in Table 1 in the reference [12]. When the tem-
peratures between these two conditions are compared, 
the value of (Lb)=0.9267 given in Table 1 in the 
reference [12] is within the values of (Lb, 0)=0.9295, 
(Lb, 0.05)=0.9287 and (Lb, 0.1)=0.9258 in the pre-

sent study.  
Table 1 lists the variation of the fin base tempera-

ture as a function of fin base thickness, base height 
and the convection characteristic number. It can be 
noted that the fin base temperature increases as the 

Table 1. Variation of the fin base temperature (Le-Lb=1.5, 
=0.5, y=0). 

bX L=

Lh=0.05 Lh=0.2 
Lb M=0.01 M=0.1 M=0.01 M=0.1 

0.1 
0.01 
0.001 

0.9736 
0.9973 
0.9997 

0.8792 
0.9866 
0.9987 

0.9917 
0.9992 
0.9999 

0.9447 
0.9944 
0.9994 

NY
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0.42

0.49

0.56

0.63

0.70

Le = 2, M=0.1
Le = 1, M=0.3 Lh=1

Lh=0.5

Lh=0.8

Fig. 2. Dimensionless temperature profile along the normal-
ized position of Y ( =0.5, Lb=0.1). 

convection characteristic number and base thickness 
decrease or as the base height increases. Physically, 
the value of the fin base temperature should approach 
the inner wall temperature (i.e., =1) as the fin base 
thickness approaches 0, and this trend is illustrated 
well in this table. 

The dimensionless heat loss as a function of the fin 
length for different values of the fin base thickness in 
the case of fixed fin volume is presented in Fig. 3. It 
is observed that the heat loss increases rapidly when 
the fin length approaches fin base thickness (i.e. very 
short fin). It is because the fin base height will in-
crease as the fin length decreases for a fixed fin vol-
ume. Obviously, the design in this case is impractical, 
although the heat dissipation is large. Another impor-
tant phenomenon shown in Fig. 3 is that the maxi-
mum heat loss does not exist at the practical fin 
length when the fin base thickness is beyond a certain 
value. For example, the maximum heat loss exists for 
Lb=0.01 and Lb=0.1, whereas it does not exist for 
Lb=0.3. The maximum heat loss will be referred to as 
the optimum heat loss and the variables at which the 
maximum heat loss exists are referred to as the opti-
mum variables in this paper. 

Fig. 4 depicts the variation of the optimum heat 
loss and fin effectiveness as a function of the fin base 
thickness for a reversed trapezoidal fin when the 
dimensionless fin volume is arbitrarily fixed as 0.5. 
The optimum effectiveness means the effectiveness 
when the heat loss becomes the maximum heat loss 
for given conditions. This figure indicates that both 
the optimum heat loss and corresponding optimum fin 
effectiveness decrease with the increase of the fin 
base thickness. It can be noted that the optimum heat 
loss increases while the corresponding optimum 
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Fig. 3. Heat loss as a function of the fin length for the fixed 
fin volume ( =0.5, M=0.1, V=0.5). 
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Fig. 4. Optimum heat loss and fin effectiveness versus the fin 
base thickness ( =0.5, V=0.5). 

effectiveness decreases as the convection characteris-
tic number increases for the same value of fin base 
thickness. 

Fig. 5 presents the variation of the optimum fin 
length and base height under the same condition as 
given in Fig. 4. It is shown that the optimum fin 
length decreases monotonically and the optimum fin 
base height increases due to the fixed volume with the 
increase of fin base thickness. Physically, it means 
that the optimum fin shape becomes shorter and fatter 
as the fin base thickness increases. It also shows that 
the optimum fin base height increases while the opti-
mum fin length decreases as the convection character-
istic number increases for the same value of fin base 
thickness. To illustrate how to transform dimen-
sionless data to the practical application, *

e bL L =
1.351 and *

hL =0.148 for Lb=0.1 and M=0.08 from 
Fig. 5 are considered as an example. The value of h is 
arbitrarily chosen to be 200 W/m2  for forced con-
vection condition of some gases, and k is given as 52 
W/m  for commercial bronze (90% Cu, 10% Al). 
Then lc becomes about 2cm and the practical opti-
mum fin tip length is 1.351  2cm = 2.70cm, and 
the optimum half fin height is 0.148  2cm = 
0.296cm. 

Though the fin shape factor, , is usually chosen for 
fin fabricating convenience, it is worthwhile to ex-
plore its effect on the optimum designs. As already 
mentioned,  =1 means the rectangular fin and  =0 
presents the reversed trapezoidal fin for which the fin 
tip height is twice the fin base height. In Fig. 6, it is 
seen that, for the same volume, the optimum heat loss 
increases as  increases for all three values of M. 
However, the corresponding optimum effectiveness 
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M=0.12

M=0.08 M=0.05

D* = 5Lh
*

D* = Le
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Fig. 5. Optimum fin length and fin base height versus the fin 
base thickness ( =0.5, V=0.5). 
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Fig. 6. Optimum heat loss and fin effectiveness versus the fin 
shape factor (V=0.5, Lb=0.1).

continuously increases for M=0.12 and that increases 
first and then decreases for M=0.08, while that mono-
tonically decreases for M=0.05 with the increase of 
the fin shape factor. 

Fig. 7 shows the optimum fin tip length and fin 
base height as a function of the fin shape factor under 
the same condition as given in Fig. 6. It shows that 
the optimum fin tip length increases almost linearly, 
while the variation of the optimum fin base height is 
not much with the increase of . This phenomenon 
explains why the optimum heat loss increases with 
the increase of  for the fixed fin volume as already 
shown in Fig. 6. Physically, it also means that, if the 
dimensionless fin volume V is the same, the optimum 
rectangular fin is always longer than the optimum 
reversed trapezoidal fin.  

Table 2 lists the relative increasing rate of the op-
timum dimensions for the cases of M=0.05 and 0.08 
as shown in Fig. 7. Both the increasing rates of the 
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Table 2. Relative I.R. (%) of the optimum dimensions (V=0.5, 
Lb=0.1).
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11.72
18.01
24.86

11.69
21.12
29.63
39.90

3.01
6.66
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M=0.08M=0.05

D* = 5Lh
*
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Fig. 7. Optimum fin tip length and fin base height versus the 
fin shape factor (V=0.5, Lb=0.1).

optimum fin tip length and fin base height increase as 
 increases in the case of M=0.05. Even though the 

increasing rate of the optimum fin base height de-
creases slightly first and then increases slightly, that 
of the optimum fin tip length is remarkable with the 
increase of  for M=0.08. Probably due to these phe-
nomena, the optimum heat loss increases with the 
increase of .

The dimensionless fin volume, V, was arbitrarily 
selected to be 0.5 in the previous discussion. The 
variations of the optimum heat loss and effectiveness 
as a function of V are shown in Fig. 8. As expected, 
the increase of V enhances the optimum heat loss. It 
also shows that the corresponding optimum effective-
ness decreases somewhat rapidly first and then de-
creases slowly as the fin volume increases from 0.1 
to 1.  

Fig. 9 represents the optimum dimensions versus 
the fin volume for the same condition as given in Fig. 
8. It shows that the optimum fin tip length increases 
somewhat rapidly first and then levels off for M=0.05 
and 0.08, while that increases first and then decreases 
slightly for M=0.12 with the increase of the fin vol-
ume. Also, the optimum fin base height increases  

V
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P* = 10Q*

Fig. 8. Optimum heat loss and fin effectiveness versus the fin 
volume ( =0.5, Lb=0.1). 
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Fig. 9. Optimum fin tip length and fin base height versus the 
fin volume ( =0.5, Lb=0.1).

monotonically with the increase of total fin volume. 
Physically, the optimum reversed trapezoidal profile 
fin becomes rather ‘fatter’ with the increase of the fin 
volume. 

The convection characteristic numbers were arbi-
trarily chosen to be 0.08, 0.1 and 0.12 in the previous 
discussion. The variations of the optimum heat loss 
and effectiveness as a function of M are presented in 
Fig. 10. The optimum heat loss increases almost 
monotonically as M increases from 0.001 to 0.1. It 
also shows that the corresponding optimum effective-
ness decreases very rapidly as M decreases from 
0.001 to about 0.01, and then decreases somewhat 
slowly as M decreases from about 0.01 to 0.1. The fin 
is thus remarkably useful under natural convection 
conditions. 

Fig. 11 presents the variation of the optimum fin 
length and base height under the same condition as 
given in Fig. 10. The optimum fin length decreases 
remarkably as M increases from 0.001 to 0.01 and 
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Fig. 10. Optimum heat loss and fin effectiveness versus the 
convection characteristic number ( =0.5, Lb=0.1).
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Fig. 11. Optimum fin tip length and fin base height versus the 
convection characteristic number ( =0.5, Lb=0.1).

then decreases somewhat slowly as M increases from 
0.01 to 0.1. The base height increases as the fin length 
decreases due to the fixed fin volume. As one more 
example for the practical dimension under a free con-
vection condition, *

eL =4.31 and *
hL =0.0095 for 

V=0.1 and M=0.001 from Fig. 11 are considered. The 
value of lc is arbitrarily chosen to be 2.5cm and k is 
given as 401 W/m  for pure copper. Then h is 16.04 
W/m2  for free convection of some gases and the 
practical optimum fin tip length is 4.31  2.5cm = 
10.78cm and the optimum half fin height is 0.0095 
2.5cm = 0.024cm. 

The dimensionless heat loss as a function of fin 
length for different values of the fin base thickness in 
the case of fixed fin surface area is presented in Fig. 
12. It is observed that the heat loss increases very 
rapidly and reaches the maximum value and then 
decreases somewhat rapidly with the increase of the 
fin length for all three values of the fin base thickness.  

Table 3. Ratio of the optimum fin tip length to base height for 
fixed fin surface area ( =0.5, Lb=0.1). 

* *
e hL /(2L )  (%) 

M A=2 A=3 A=4 

0.01
0.04
0.08
0.1

29.82
29.44
29.19
28.94

25.61
25.28
24.88
24.55

23.76
23.28
22.59
22.23

Le-Lb   

0.0 0.2 0.4 0.6 0.8 1.0

Q

0.22

0.24

0.26

0.28

Lb=0.01

Lb=0.1

Lb=0.3

Fig. 12. Heat loss as a function of the fin length for the fixed 
fin surface area ( =0.5, Lb=0.1, A=3). 

There are two distinct differences between the fixed 
volume case and the fixed surface area case. First, the 
variation trend of the heat loss with the variation of 
the fin length is different. Second, the fin length for 
the maximum heat loss in the case of fixed fin surface 
area is relatively very short compared to that in the 
case of fixed fin volume. 

Table 3 lists the ratio of the optimum fin tip length 
to base height for fixed fin surface areas with the 
variation of the convection characteristic number and 
the fixed surface area. The ratio decreases as the con-
vection characteristic number and/or the fixed surface 
area increases. It can be noted that the ratios for fixed 
surface area are very smaller than those for fixed vol-
ume. It means physically that applying the optimum 
dimensions for fixed surface area probably seems to 
be needed for a particular place such as the space in 
which a relatively long fin cannot be installed. 

In the case of fixed surface area, the variations of 
the optimum heat loss and effectiveness as a function 
of M are presented in Fig. 13. The optimum heat loss 
increases linearly as M increases from 0.01 to 0.1. It 
shows that the corresponding optimum effectiveness 
is relatively very low for the given range of M. It is 
because the optimum fin length is very short and 
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Fig. 13. Optimum heat loss and fin effectiveness vs. the con-
vection characteristic number for fixed surface areas ( =0.5, 
Lb=0.1).

the optimum base height is high, as already shown in 
Fig. 12 and Table 3. 

4. Conclusions 

From the optimization of a reversed trapezoidal fin 
using a two-dimensional analytic method, the follow-
ing conclusions can be drawn. First, for the fixed fin 
volume, 

(1) The maximum heat loss in the practical fin 
length does not exist when the fin base thickness, the 
ratio of fin tip height to base height and the fin vol-
ume are larger than the certain values. 

(2) Both the optimum heat loss and the correspond-
ing fin effectiveness decrease with the increase of the 
fin base thickness. 

(3) Both the optimum heat loss and the optimum 
fin length increase with the increase of the value of 
fin shape factor. 

(4) Even though the optimum heat loss increases, 
the corresponding optimum fin effectiveness de-
creases as the fin volume increases. It is because the 
increasing rate of the optimum fin length is less than 
that of the optimum fin base height with the increase 
of the fin volume. 

And in the case of fixed fin surface area, 
(5) The fin length for the optimum heat loss is very 

short so optimum dimensions for the fixed surface 
area are probably needed for a particular place such as 
the space in which a relatively long fin cannot be 
installed.  

Nomenclature----------------------------------------------------------- 

a  : Fin surface area [m2]

A  : Dimensionless fin surface area, a/(lclw)
h  : Heat transfer coefficient over the fin [W/m2 ]
k  : Thermal conductivity of the fin material [W/m ]
lb : Fin base thickness [m] 
Lb : Dimensionless fin base thickness, lb/lc

lc : Characteristic length [m] 
le : Fin tip length [m] 
Le : Dimensionless fin tip length, le/lc
lh : One half fin base height [m] 
Lh : Dimensionless one half fin base height, lh/lc

lw : Fin width [m] 
q  : Heat loss from the fin [W] 
Q  : Dimensionless heat loss from the fin, q/(klw i )
qw : Heat loss from the bare wall [W] 
Qw : Dimensionless heat loss from the bare wall, 

qw/(klw i )
s  : Fin lateral surface slope, {(1- )lh}/(le-lb)
T  : Fin temperature [ ]
Th : Fin base temperature [ ]
Ti : Inside wall temperature [ ]
T : Ambient temperature [ ]
v  : Fin volume [m3]
V : Dimensionless fin volume, v/( 2

c wl l )
x : Length directional variable [m] 
X : Dimensionless length directional variable, x/lc
y : Height directional variable [m] 
Y : Dimensionless height directional variable, y/lc

Greek symbol 

 : Fin effectiveness 
i  : Adjusted inside wall temperature [ ],  

i(T T )
n  : Eigenvalues (n = 1, 2, 3, ···) 
 : Dimensionless temperature,  

i(T T ) /(T T )
 : Fin shape factor, ( 0 1 )

Subscript 

b : Fin base 
c : Characteristic 
e  : Fin tip 
h : Fin height at the base  
i : Inside wall 
w : Outside bare wall or width 

 : Surrounding 

Superscript 

* : Optimum  
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